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Abstract
In this paper, we study the dynamics of the charged particle interacting with the non-null
electromagnetic knot wave background. We analyse the classical system in the Hamilton-
Jacobi formalism and find the action, the linear momentum and the trajectory of the particle.
Also, we calculate the effective mass and the emitted radiation along the knot wave. Next,
we quantize the system in the classical strong knot wave background by using the strong-
field QED canonical formalism. We explicitly construct the Furry picture and calculate
the Volkov solutions of the Dirac equation. As an application, we discuss the one-photon
Compton effect where we determine the general form of the S-matrix. Also, we discuss in
details the first partial amplitudes in the transition matrix in two simple backgrounds and
show that there is a pair of states for which these amplitudes are identical.
Keywords: Electromagnetic knot wave; nonlinear Compton effect; topological electro-
dynamics.
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1 Introduction
Very recently, laser beams with knotted polarization singularities have been produced ex-
perimentally with torus and figure-eight knot topologies [1]. Previously, tori knotted phase
singularities in lasers had been observed in some experiments [2, 3] following earlier theoret-
ical studies in the field theory [4, 5, 6, 7, 8, 9, 10, 11]. These exciting results obtained with
the polarization and phase knots open up the possibility of generating other electromagnetic
knot fields in laser experiments.
An interesting type of knot solutions of Maxwell’s equations with Hopf topology were
discovered by Trautman and Ran˜ada some time ago [12, 13, 14] and have enjoyed a constant
attention since. Several studies have focused on the existence and applications of these topo-
logical electromagnetic fields to atmospheric physics [18], liquid crystals [19], plasma physics
[20], optics [21, 22], superconductivity [23] and fluid physics [15, 16]. The mathematical
properties of the Hopf-Ran˜ada solutions and of the linked and knotted fields were studied in
[24, 25, 26, 27, 28]. The creation and dynamics of knotted electromagnetic fields were anal-
ysed in [29, 30, 31, 32] and their topological quantization was discussed in [33, 34, 35, 36].
The Hopf-Ran˜ada solutions have been generalized to the null and non-null torus geometries
in [37, 38, 39]. More recently, new generalizations of the Hopf-Ran˜ada fields have been
shown to exist in the non-linear electrodynamics, fluid physics [15, 16, 17] as well as in grav-
itating systems [40, 41, 42, 43, 44, 45]. (For recent reviews of the knot solutions and their
applications see [46, 47, 48] and the references therein.)
An important problem that concerns the Ran˜ada solutions and their generalizations is
the understanding of the physical properties of the monochromatic knots and their inter-
action with matter, in particular with charged particles. Some preliminary results on the
study of the motion of a classical charged particle in an electromagnetic knot were presented
in [49] and a monochromatic knot solution was given recently in [50]. The Ran˜ada solutions
admit a Fourier decomposition in terms of knot waves that correspond to oscillating modes
of the electromagnetic field. These waves differ from the plane waves in that the polariza-
tion vectors carry information about the topological structure of the knot. For the classical
particle, the knot structure induces a parametrized family of Finsler geometries in which one
can identify pairs of geometries that are dual under the electric-magnetic duality [51, 52].
Since the Finsler geometry is intrinsically related to the particle dynamics, it is important
to see how the topological structure of a single knot wave determines the dynamics and the
observables. The same problem can be posed in the quantum case.
The purpose of this paper is to analyse the dynamics of a charged particle in a single
knot wave at classical as well as quantum level. To this end, we will consider a single
real wave of the non-null generalization of the Ran˜ada solution discussed in [37, 53, 54].
Our motivation for this particular choice of non-null waves is two fold. On one hand, by
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particularizing the knot numbers to a diagonal subset of values, we obtain a real wave which
is a null field and thus many conclusions obtained in this case can be applied to null knot
waves as well. On the other hand, there is a practical interest in the real fields from the
point of view of the experimental applications, e. g. in laser physics where the lasers can
generate real monochromatic waves in a good approximation.
There are several novel results that are presented in this paper. Firstly, the classical
analysis of the charged particles in knot waves is very important to understanding the systems
with knot solutions. There has been an intense activity recently in studying particular knot
solutions, but no work has been reported on the electrodynamics in knot waves so far.
Secondly, we give here for the first time the strong-field QED formulation of a spin half
particle in a strong knot wave. For frequencies above a certain critical value estimated in
this paper and which depends on the charge and mass of particle, the knot background is
a strong classical field. These conditions, which are interesting from both theoretical and
experimental point of view, allow us to treat the system in the framework of the strong-field
QED. Although the strong-field QED method is well known, its application to the knot fields
presented here gives new results from which the most important one is the derivation of the
Volkov functions. The analytic form of these solutions of the Dirac equation is known only
for a few classical backgrounds, among which are the plane waves. Here, we give a new
Volkov function for the particular type of knot waves that contain topological information
about the fields. That is an addition to the body of the analytically Volkov solutions known
in the literature. And lastly, the results from this work could be of interest to the laser theory
and other strong-field systems. We note that, as we show in the example of the Compton
effect, there are at least some partial amplitudes in the S-matrix that take the same values
for different states of the system and different knot waves, which indicates that the S-matrix
could have some symmetry structure related to the topological properties of the knot wave
background.
The paper is organized as follows. In Section 2, we will construct the real electromagnetic
potential of a monochromatic real knot wave of the non-null solution from [37, 53] and
determine some useful properties of it. In Section 3, we analyse the dynamics of a classical
charged particle in the knot mode background in the Hamilton-Jacobi formalism. Here we
make two natural assumptions: the first one is that the charge is carried by a test particle
which does not perturb the knot wave. We discuss this point in more details in the next
section, where we establish a value for the critical frequencies for which the background
is strong and thus stable. The second assumption is that the particle couples minimally
with the knot wave. Indeed, since the knot wave is just an electromagnetic wave with
additional information in the helicity vectors, the coupling can be considered a particular
case of the general gauge coupling principle. The same conditions were used to discuss the
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classical dynamics in a general knot background in [49]. By using these hypothesis, we
calculate the action, the linear momentum and the trajectory of the particle and determine
the components of its trajectory in the longitudinal and transversal directions. Also, we
calculate the effective mass of the particle in the knot wave and give the formula for the
energy scattered per unit frequency. From it, we calculate the emitted radiation along the
knot wave. In Section 4, we quantize the spin half particle in a strong knot wave background.
Firstly, we show that the knot wave interacts strongly with the particle for frequencies above
a critical value which we estimate. Next, we quantize the system by using the canonical
method of the strong-field QED formalism. Here, we give the Furry picture, the equations of
motion and we construct the Fock space. Also, we solve the Dirac equation in the presence
of the knot wave and obtain the Volkov solutions. From that, the S-matrix formalism can be
constructed by applying the standard QED method. We exemplify the S-matrix formalism
by discussing the non-linear one-photon Compton effect in Section 5. Here, we determine the
general expression of the transition matrix and calculate explicitly the probabilities of the
first partial transition amplitudes. We analyse in detail the case of the simplest non-trivial
knot waves with the knot numbers (m = 0, s = 1) and (m = 1, s = 0) for which we show
that there are at least two equivalent quantum states of the system in the sense that the
probabilities of these partial processes and the effective masses for the charged particles are
identical. In the last section, we draw our conclusions and outline some future problems.
For completeness, some details on the Fourier decomposition of non-null knots are presented
in the Appendix A and the basic relations used to calculate the form of a partial amplitude
in terms of the knot parameters are collected in the Appendix B. In the Appendix C, we
summarize some basic properties of the Bessel functions. Throughout this paper, we use the
natural units with ~ = c = 1 and the mostly plus convention for the Minkowski metric.
2 Real knot wave background
In this section, we present the non-null knot solution of Maxwell’s equations in vacuum
obtained in [37, 53]. We focus on the real wave component of a single knot and establish
some useful relations for it following the Fourier analysis from [54]. For completeness, some
filling in details are presented in the Appendix A. As mentioned in the introduction, the
interest in the real waves is motivated by the need of understanding the electrodynamics in
knot waves as well as by possible applications to lasers.
Consider the Maxwell equations in the absence of sources
∂µF
µν = 0 ,
1
2
µνρσ∂νFρσ = 0 . (1)
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The electromagnetic field and its dual can be expressed in terms of two potential four vec-
tors Aµ = (A0,A) and Cµ = (C0,C) which are dependent on each other due to the electric-
magnetic duality of the equations (1) above. Let (m,n, l, s) be a quadruplet of arbitrary
positive integers. Then, as shown in [37, 53], the equations (1) admit a solution that rep-
resents the evolution of an initial electromagnetic field with knotted electric and magnetic
field lines. In the Lorentz gauge ∂ ·A = ∂ ·C = 0 and in a reference frame where A0 = C0 = 0,
the initial knot field has the following form [53]
E(x0 = 0,x) =
4
pi (1 + |x|2)3
l [(x1)2 − (x2)2 − (x3)2 + 1]2 (lx1x2 − sx3)
2 (lx1x3 + sx2)
 , (2)
B(x0 = 0,x) =
4
pi (1 + |x|2)3
 2 (mx2 − nx1x3)−2 (mx1 − nx2x3)
n [(x1)2 + (x2)2 − (x3)2 + 1]
 , (3)
where {x0, x1, x2, x3} are the dimensionless coordinates in the characteristic length units for
the knot field. Since the numbers m, n, l and s are arbitrary, the fields E and B are in
general non-null. Since in the rest of the paper we are going to use only the Aµ potential, we
will discuss only its real monochromatic modes. The discussion of Cµ can be found in the
Appendix A. The real potential of a single knot mode kµ = (ω,k) can be written as
Aµ(x, k) =
√
2
ω
<[µ+ (k) e−ik·x] . (4)
The frequency and the wave vector satisfy the standard dispersion relations in vacuum
ω = |k| and the vector µ+ (k) is defined in the Appendix A. One can write the potential from
the relation (4) above as follows
Aµ(x, k) = Aµ1(x, k) + A
µ
2(x, k) = Aknot
[
εµ1,knot(k) cos(k · x)− εµ2,knot(k) sin(k · x)
]
, (5)
with the following notations
Aknot =
e−ω√
2piω2
, εµ1,knot(k) = (0, ε1,knot(k)) , ε
µ
2,knot(k) = (0, ε2.knot(k)) . (6)
By using the relations given in the Appendix A and after a short algebra, we can see that
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the three dimensional vectors ε1,knot (k) and ε2,knot (k) have the following form
ε1,knot (k) =
 mk1k3mk2k3 + sωk3
−m (k21 + k22)− sωk2
 , ε2,knot (k) =
−nωk2 − l (k22 + k23)nωk1 + lk1k2
lk2k3
 . (7)
For general values of the parameters m, n, l and s, the sine and cosine waves from (5) are
not orthogonal on each other and more complicate non-linearities appear in the system. In
the rest of the paper, we are going to consider the case with l = s and n = m. Then one
can easily show that the four dimensional vectors satisfy the following relations
ε1,knot(k) · ε2,knot(k) = 0 , (8)
|ε1,knot(k)|2 = |ε2,knot(k)|2 = ω2
[
m2
(
k21 + k
2
2
)
+ s2
(
k22 + k
2
3
)
+ 2smωk2
]
. (9)
Also, since in the Lorentz gauge k · A(x, k) = 0, it follows that each component of Aµ(x, k)
is orthogonal on the wave four vector
k · A1(x, k) = k · Aµ2(x, k) = 0 . (10)
We note that the real knot wave does not depend on the numbers n and l. Moreover, it
follows from the above relations that {ε1,knot(k), ε2,knot(k),k} form an orthogonal trihedron.
As in the case of the µ±(k) vectors, the new basis vectors ε
µ
1,2(k) contain the information
about the topological properties of the electromagnetic field, but reduced due to the lesser
number of parameters.
The electromagnetic tensor of the knot wave can be easily calculated and the following
result is obtained
F µν(k) = − e
−ω
√
2piω2
{[
kµεν2,knot(k)− kνεµ2,knot(k)
]
cos(k · x)
+
[
kµεν1,knot(k)− kνεµ1,knot(k)
]
sin(k · x) } . (11)
From F µν(k) we can work out the Lorentz invariants of the real knot wave. We can show
that both invariants vanish as expected
I1(k) = Fµν(k)F
µν(k) = 0 , (12)
I2(k) = F˜µν(k)F
µν(k) = 0 . (13)
From this result we can conclude that the real knot wave is a null field.
In the above analysis, we have employed the helicity basis to express the gauge fixed
5
potential Aµ(x, k) as a linear combination of left and right circularly polarized waves. Due to
the gauge and reference fixing, the electromagnetic knot field has only two degrees of freedom.
By expressing these in the helicity basis, the topological properties become more transparent.
For detailed discussions of these points we reefer to [13, 14, 24, 25, 30, 32, 53, 54]. Similar
considerations hold for the potential Cµ(x, k). The vector Aµ(x, k) and Cµ(x, k) are dual to
each other. This duality can be used to emphasize either the topology of the magnetic lines
by employing Aµ(x, k) or the electric lines by using Cµ(x, k). In either representation, the
degrees of freedom are given by eR(k) and eL(k), the left and right linearly independent
helicity vectors, as described by the equations (A.119) and (A.120). In what follows, we
will focus on the systems with a classical background specified by the real electromagnetic
potential Aµ(x, k) from the equation (5) above.
3 Classical particle in knot wave background
In this section, we will analyse the dynamics of a classical particle of electric charge q and
mass M that moves in the knot wave background presented above. To this end, we will use
the Hamilton-Jacobi formalism in which the Hamilton action S is a solution of the following
equation {
∂µS +
qe−ω√
2piω2
[
εµ1,knot(k) cos(k · x)− εµ2,knot(k) sin(k · x)
]}
×
{
∂µS +
qe−ω√
2piω2
[ε1,knot, µ(k) cos(k · x)− ε2,knot, µ(k) sin(k · x)]
}
= M2 . (14)
Since the knot wave has an explicit dependence on time, the system is non-autonomous.
However, the field Aµ(x, k) depends only on the Lorentz invariant phase φ = k·x. In this case,
the Hamilton-Jacobi equation (14) can be solved exactly [55]. After some straightforward
calculations, we obtain the following solution
Sp,A(φ) = −pin · x− qe
−ω
√
2piω2pin · k
[pin · ε1,knot(k) sin(φ) + pin · ε2,knot(k) cos(φ)]
− q
2e−2ω
4piω2pin · k
[
m2
(
k21 + k
2
2
)
+ s2
(
k22 + k
2
3
)
+ 2smωk2
]
φ+ Cin(k) , (15)
where pµin is the initial momentum of the particle p
µ
in = Mu
µ
in, u
µ
in is the initial four-velocity
and Cin(k) is an integration constant that depends on the mode momentum and has the
following explicit form
Cin(k) = − qe
−ω
√
2piω2pin · k
[pin · ε1,knot(k) sin(φin) + pin · ε2,knot(k) cos(φin)]
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+
q2e−2ω
4piω2pin · k
[
m2
(
k21 + k
2
2
)
+ s2
(
k22 + k
2
3
)
+ 2smωk2
]
φin . (16)
Without the loss of generality, we will set Cin(k) to zero if convenes to do so. The canonical
momentum of the particle is defined as usual
P µ = −∂µSp,A(φ) = Muµ + qe
−ω
√
2piω2
[
εµ1,knot(k) cos(φ)− εµ2,knot(k) sin(φ)
]
. (17)
By solving the equation (17) for pµ, we obtain the following expression for the linear mo-
mentum of the particle
pµ(φ) = pµin +
q2e−2ω
4piω2pin · kk
µ
[
m2
(
k21 + k
2
2
)
+ s2
(
k22 + k
2
3
)
+ 2smωk2
]
− qe
−ω
√
2piω2
{[
εµ1,knot(k) + k
µpin · ε1,knot(k)
]
cos(φ)− [εµ2,knot(k) + kµpin · ε2,knot(k)] sin(φ)} .
(18)
The particle trajectory in space-time can be obtained by integrating pµ(φ). The calculation
is simple and it leads to the following result
xµ(φ) = xµin +
pµin
pin · k (φ− φin)−
qe−ω√
2piω2pin · k
[
εµ1,knot(k) sin(φ) + ε
µ
2,knot(k) cos(φ)
]
+
qe−ω√
2piω2 (pin · k)2
kµ [pin · ε1,knot(k) sin(φ) + pin · ε2,knot(k) cos(φ)]
− q
2e−2ω
4piω2 (pin · k)2
kµ
[
m2
(
k21 + k
2
2
)
+ s2
(
k22 + k
2
3
)
+ 2smωk2
]
φ . (19)
The equations (18) and (19) have been obtained by ignoring the electromagnetic field of the
particle, that is by considering a test particle. From the latter equation, we can see that the
trajectory oscillates in all directions. In order to visualise the movement of the particle in
the knot wave, it is convenient to split the equation (19) into components. On the time-like
direction, the trajectory has the following form
x0(φ) = x0in +
mu0
pin · k (φ− φin)
+
qe−ω√
2piω (pin · k)2
[pin · ε1,knot(k) sin(φ) + pin · ε2,knot(k) cos(φ)]
− q
2e−2ω
4piω (pin · k)2
[
m2
(
k21 + k
2
2
)
+ s2
(
k22 + k
2
3
)
+ 2smωk2
]
φ . (20)
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The spatial components of xµ(φ) can be conveniently decomposed into the sum of longitu-
dinal and transversal vectors with respect to the knot wave momentum k as follows
x(φ) = x‖(φ) + x⊥(φ) , (21)
xj‖(φ) = x‖(φ)
kj
ω
, xj⊥(φ) = x
j − kj x
2(φ)
ω2
, j = 1, 2, 3 . (22)
After some simple algebra, we obtain for the longitudinal component the following expression
xj‖(φ) =
k · xin
ω2
kj +
k · pin
ω2pin · kk
j (φ− φin)
+
qe−ω√
2piω2 (pin · k)2
kj [pin · ε1,knot(k) sin(φ) + pin · ε2,knot(k) cos(φ)]
− q
2e−2ω
4piω2 (pin · k)2
kj
[
m2
(
k21 + k
2
2
)
+ s2
(
k22 + k
2
3
)
+ 2smωk2
]
φ . (23)
The above equation shows that the longitudinal components of the trajectory undergo an
oscillatory movement. More algebra leads to the following transversal vector
xj⊥(φ) = x
j
in +
pjin
pin · k (φ− φin)−
qe−ω√
2piω2pin · k
[
εj1,knot(k) sin(φ) + ε
j
2,knot(k) cos(φ)
]
+
qe−ω√
2piω2 (pin · k)2
kj [pin · ε1,knot(k) sin(φ) + pin · ε2,knot(k) cos(φ)]
− q
2e−2ω
4piω2 (pin · k)2
kj
[
m2
(
k21 + k
2
2
)
+ s2
(
k22 + k
2
3
)
+ 2smωk2
]
φ
− x
2
in
ω2
kj − p
2
in
ω2 (pin · k)2
(φ− φin)2 kj
− q
2e−2ω
piω4 (pin · k)2
kj
[
m2
(
k21 + k
2
2
)
+ s2
(
k22 + k
2
3
)
+ 2smωk2
]
φ
− qe
−2ω
2piω4 (pin · k)4
kj [pin · ε1,knot(k) sin(φ) + pin · ε2,knot(k) cos(φ)]2
− q
4e−4ω
16pi2ω4 (pin · k)4
kj
[
m2
(
k21 + k
2
2
)
+ s2
(
k22 + k
2
3
)
+ 2smωk2
]2
φ2
− 2xin · pin
ω2pin · k k
j (φ− φin)
+
2qe−ω√
2piω4 (pin · k)2
kj [xin · ε1,knot(k) sin(φ) + xin · ε2,knot(k) cos(φ)]
− 2xin · k qe
−ω
√
2piω4 (pin · k)2
kj [pin · ε1,knot(k) sin(φ) + pin · ε2,knot(k) cos(φ)]
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+
2xin · k q2e−2ω
4piω4 (pin · k)2
kj
[
m2
(
k21 + k
2
2
)
+ s2
(
k22 + k
2
3
)
+ 2smωk2
]
φ
+
2qe−ω√
2piω4 (pin · k)2
kj [pin · ε1,knot(k) sin(φ) + pin · ε2,knot(k) cos(φ)] (φ− φin)
− 2pin · k qe
−ω
√
2piω4 (pin · k)3
kj [pin · ε1,knot(k) sin(φ) + pin · ε2,knot(k) cos(φ)] (φ− φin)
+
2pin · k q2e−2ω
4piω4 (pin · k)3
kj
[
m2
(
k21 + k
2
2
)
+ s2
(
k22 + k
2
3
)
+ 2smωk2
]
φ (φ− φin) . (24)
Recall that the x-coordinates and k-coordinates are dimensionless. From the equations (20),
(23) and (24), we can see that the longitudinal, transversal and temporal oscillations of the
particle depend on the initial conditions xin and pin. These equations also show that the
particle movement simplifies for certain initial values of xin and pin. Let us set the initial
data as well as φin to zero. Then the equations (20), (23) and (24) take the following simple
form
x0(φ) =
[
u0
ω
− M
2
? −M2
2ωM2
]
φ , (25)
xj‖(φ) = −kj
M2? −M2
2ω2M2
φ , (26)
xj⊥(φ) = −
qe−ω√
piω3M
[
εj1,knot(k) sin(φ) + ε
j
2,knot(k) cos(φ)
]
− kj
(
1 +
2
ω2
)(
M2? −M2
2ω2M2
)
φ− kj
(
M2? −M2
2ω4M2
)2
φ2 , (27)
where we have introduced the effective mass M? by the following relation
M2? = M
2
{
1 +
q2e−2ω
2piM2ω2
[
m2
(
k21 + k
2
2
)
+ s2
(
k22 + k
2
3
)
+ 2smωk2
]}
. (28)
As the effective mass shows, in the trivial case m = s = 0 in which there is no knot wave
the particle moves in the free space with its own mass M as expected. As usual, M? is also
useful to calculate the time averaged observables in the periodic potential.
The equations (25) - (27) show that for vanishing initial conditions, the particle has
a linear evolution along the time-like and parallel directions. On the time-like direction
x0(φ) = 0 for the frequency ωm,n(k) given by the analytic continuations of the Lambert
function
ωm,n(k) = WN
(
± q
M
√
1
2piu0
[m2 (k21 + k
2
2) + s
2 (k22 + k
2
3) + 2smωk2]
)
, N ∈ Z , (29)
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where
2piM2u0
q2
[
m2
(
k21 + k
2
2
)
+ s2
(
k22 + k
2
3
)
+ 2smωk2
]−1
×WN
(
± q
M
√
1
2piu0
[m2 (k21 + k
2
2) + s
2 (k22 + k
2
3) + 2smωk2]
)
> 0 . (30)
Since the Lambert function increases monotonically, for values of ω < ωm,n(k) the coordinate
x0(φ) decreases with the increase of φ. The opposite is true for ω > ωm,n(k). The frequency
ω < ωm,n(k) takes a simpler value in the proper-time s of the particle in terms of the Lambert
function
ωm,n(k; s) =
3
2
W
[
−2
3
3
√
pi pin · k
q2M2 [m2 (k21 + k
2
2) + s
2 (k22 + k
2
3) + 2smωk2]
]
. (31)
As we can see from the equation (26), the movement in the positive or negative projections
xj‖(φ) along the axis of the longitudinal direction does not depend on the frequency of the
wave, only on the sign of the components of k and on the invariant parameter φ. The equation
(27) shows that the zeroes of the coordinates in the transverse plane are determined by the
following equation
U(k, φ)ω5e−ω + ω6 + 2ω4 + V (k, φ) = 0 , (32)
where the coefficients U and V are determined from the equation (27). However, it is not
clear if the solution of (32) can be found analytically.
The results obtained above can be used to calculate the observables of the system. One
important observable is the energy scattered per unit frequency and solid angle. Its general
formula in the far field approximation and in the relativistic form is [56]
dE
dΩ′dω′
=
q2ω′ 2
4pi2
∣∣∣∣∫ +∞−∞ dφ p
µ(φ)
pin · k exp [ik
′ · x(φ)]
∣∣∣∣2 , (33)
where kµ ′ = (ω′,k′) denotes the four-momentum of the emitted wave and pµin is the four-
momentum of the particle in the limit φin → −∞. In order to apply the relation (33) to
our problem, we specify the direction of the emitted radiation and the initial conditions
of the particle motion. Let us consider the emitted radiation along the knot wave, that is
with k′µ = akµ, where a is a real positive with a 6= 1, by an electron with vanishing initial
conditions xµin = 0, pin = 0 and φin = 0. By using the equations (18) and (19) into the
formula (33), we can solve analytically the integral from the right-hand side and we obtain
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after some lengthy calculations the following result
dE‖
dω
= q2a3
[
(M?/M)
2
a2
− (M?/M)
2 − 1
2pi (a2 − 1)ω2
] [
1 + a2 +
(
1− a2) cos ((a− 1)φ) cos ((a+ 1)φ)] .
(34)
Note that the limit φin = 0 is purely artificial since φ > 0 by definition. In the general case,
the integral from the equation (33) cannot be solved exactly due to the nonlinearities in the
integrand and we expect that approximate and numerical methods be useful here.
4 Quantization in a strong knot wave background
In general, a particle of mass M and electric charge q interacts strongly with those electro-
magnetic modes for which |qAknot/M | << 1 [57]. The amplitude of the knot is given by the
first relation from (5). That gives us an estimate for the range of frequencies in the case of
knot waves
ω  ωcr = −W
[
− exp
(
1
2
ln
( |q|√
2piM
))]
, (35)
where W [z] is the Lambert function. For the frequencies that satisfy this inequality, the
corresponding electromagnetic knot field Fµν(x, k) = ∂µAν(x, k)− ∂νAµ(x, k) can be treated
as a strong classical background [57]. In what follows, we are going to study the quantum
dynamics of a spin half particle in the strong knot wave background by decomposing the
total electromagnetic potential Aµ into the strong classical knot wave Aµ and the quantum
radiation field Aµ at every point x in space-time
Aµ(x, k) = Aµ(x, k) +Aµ(x, k) . (36)
In this section, we are going to investigate the dynamics of the charged spin half particle
in the field from the equation (36) in the framework of the strong-field QED. We are going
to quantize the system by applying the canonical quantization method. We will follow the
general approach from [57, 58]. (For a recent review of the strong-QED see [62].)
4.1 Canonical quantization in the Furry picture
In order to describe the effect of the intense knot wave field of frequency ω on a quantum
spin half particle, we employ the Furry picture that was given for the first time in [61]. The
Lagrangian density of the system is given by the following equation
L = ψ¯ (i/D−m)ψ − 1
4
F2 − 1
2ξ
(∂ · A)2 − qψ¯ /Aψ , (37)
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where the covariant derivative in the knot wave field is
Dµ = ∂µ +
iqe−ω√
2piω2
[
εµ1,knot(k) cos(φ)− εµ2,knot(k) sin(φ)
]
. (38)
Here, Fµν = ∂µAν − ∂νAµ is the radiation field and ξ is the gauge fixing parameter. As
discussed above, we treat the knot wave as a non-dynamical background in which the Dirac
field associated to the particle moves. The knot wave is the solution (4) to the free Maxwell
equations in vacuum for ω  ωcr. The Dirac field ψ and the radiation field Aµ are solutions
of the corresponding equations of motion in the presence of the Aµ knot potential.
After fixing the gauge, the system can be quantized by using the canonical quantization
method [58, 61, 62]. To this end, we impose the canonical commutation relations on the
fields {ψ, ψ¯,Aµ} and their canonically conjugate momenta {pi = iψ†, p¯i = 0, piµ = −14∂0Aµ}.
The corresponding Hamiltonian is the standard QED Hamiltonian in which the interaction
with the knot wave is included in the free Hamiltonian
H0 = HDirac +HMaxwell +Hint,A . (39)
Here, we have denoted by HDirac and HMaxwell the standard free Hamiltonians of the spin
half and spin one fields. The interaction Hamiltonians with the knot wave and the radiation
fields are
Hint,A =
qe−ω√
2piω2
∫
d3x ψ¯(x)
[
/ε1,knot(k) cos(φ)− /ε2,knot(k) sin(φ)
]
ψ(x) , (40)
Hint,A = q
∫
d3x ψ¯(x) /Aµψ(x) . (41)
As usual, we interpret the quantum fields {ψ, ψ¯,Aµ} as being formulated in the Schro¨dinger
picture. The transformations to the Furry picture are given by the following relations [58, 62]
O(F )(t) = U
(F ) †
0 (t, t0)OU
(F )
0 (t, t0) , (42)
|ψ,A; t〉(F ) = U (F ) †0 (t, t0)|ψ,A; t〉 , (43)
U
(F )
0 (t, t0) = T exp
[
−i
∫ t
t0
dt′H0(t′)
]
, (44)
where O is an arbitrary operator in the Schro¨dinger picture, the superscript (F ) indicates ex-
plicitly the corresponding objects in the Furry picture and the operator U
(F )
0 (t, t0) is unitary.
It follows that the quantum dynamics is described by the following equations
i
d
dt
O(F )(t) =
[
O(F )(t), H
(F )
0 (t)
]
, (45)
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i
d
dt
|ψ,A; t〉(F ) = H(F )int,A(t)|ψ,A; t〉(F ) , (46)
where the state evolution operator is given by the mapping (42) applied to the interaction
Hamiltonian with the radiation field
H
(F )
int,A(t) = U
(F ) †
0 (t, t0)Hint,A(t0)U
(F )
0 (t, t0) . (47)
The equations (42)-(47) show that the Furry picture is a particular case of the interaction
picture in which the background was incorporated into the free Hamiltonian [57]. By applying
the relation (45) to the operators ψ and Aµ, we obtain the following equations of motion of
the field operators{
i/∂ − qe
−ω
√
2piω2
[
/ε1,knot(k) cos(φ)− /ε2,knot(k) sin(φ)
]
−M
}
ψ(F )(x) = 0 , (48)
A(F )µ(x) = 0 . (49)
Next, we apply the Fourier transform to the above linear equations to find the mode decom-
position of the field operators in the knot wave background. The fields have the following
mode expansions
ψ
(F )
A (x) =
∑
α=1,2
∫
dµ(p)
[
cp,αψ
(F )
A,p,α(x) + d
†
p,αψ
(F )
A,−p,α(x)
]
, (50)
ψ¯
(F )
A (x) =
∑
α=1,2
∫
dµ(p)
[
c†p,αψ¯
(F )
A,p,α(x) + dp,αψ¯
(F )
A,−p,α(x)
]
, (51)
A(F )µ(x) =
∑
λ
∫
dµ(k)
[
ak,λε
µ
λe
−ik·x + a†k,λε
?µ
λ e
ik·x
]
, (52)
where α are spin indices, εµλ and λ are polarization vectors and indices, respectively, and
dµ(p) and dµ(k) are the covariant measures in the corresponding phase spaces given by the
equation (A.118). In the Fourier decomposition of the fermionic field, the mode functions
ψ
(F )
A,p,α are solutions of the Dirac equation (48) in the presence of the strong knot wave A
µ.
The states of the system, labelled by the pair (ψ,A) or their mode operators, belong
to the Fock space constructed from the vacuum state |0〉 in the presence of the knot wave
background. The creation and annihilation operators that appear in the equations (50)-(52)
satisfy the canonical commutation relations[
cp,α, c
†
p′,α′
]
+
= 2(2pi)3ωp δ
3(p− p′)δα,α′ , (53)[
dp,α, d
†
p′,α′
]
+
= 2(2pi)3ωp δ
3(p− p′)δα,α′ , (54)
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[
ak,λ, a
†
k′,λ′
]
−
= −2(2pi)3ωk δ3(k− k′)ηλ,λ′ , (55)
where +/− stand for anticommutators and commutators, respectively, and the rest of the
commutation relations are zero. As usual, we have obtained the relations (53)-(55) from the
equal time commutation relations of fields and their momenta. The vacuum state satisfies
the equations
cp,α|0〉 = dp,α|0〉 = ak,λ|0〉 = 0 , (56)
for all values of p, k, α and λ. A state that contains a number f of particles of momentum
p, g of antiparticles of momentum p′ and h of photons of momentum k is denoted by
|fp; gp′ ;hk〉 =
(
c†p
)f (
d†p′
)g (
a†k
)h
|0〉 . (57)
In the above relation, we have suppressed the polarization and spin indices and have defined
the particles as being the quantum excitations with negative charge −q as is the case of the
electron. In general, it is known that the vacuum state in the presence of a strong background
field suffers from some major problems [63]. Namely, an intense field can excite a particle
and leave the vacuum electrically charged and can close the gap between the particles and
antiparticles. Since the knot wave has the same general properties as the plane waves, we
can infer that the vacuum |0〉 in the presence of plane wave backgrounds is stable.
4.2 Volkov solutions and S-matrix
The field A(F )µ(x) from the equation (52) already represents the solution of the free radiation
field equation (49) in the Furry picture. However, the fields ψ
(F )
A (x) and ψ¯
(F )
A (x) from the
equations (50) and (51) can be expressed in terms of linearly independent solutions of the
Dirac equation (48), known as Volkov solutions [64], only for a few types of background
fields, among which there is the electromagnetic wave.
The general form of the solutions of the equation (48) can be obtained by using the
properties from the relations (10) and the Appendix A. After somewhat lengthy but straight-
forward calculations that follow closely the general method from [58, 61, 62], we obtain the
following Volkov states in the standard form
ψ
(F )
A,p,α(x) = Ep(x)up,α , (58)
where Ep(x) are the Ritus matrices [65] and up,α is the solution of the free on-shell Dirac
equation
(
/p−M
)
up,α = 0. It is useful to write the Ritus matrices as a product that can
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help with the algebraic manipulations and interpretations of the results, namely
Ep(x) =
{
1 +
qe−ω
2
√
2piω2p · k /k
[
/ε1,knot(k) cos(φ)− /ε2,knot(k) sin(φ)
]}
exp iSp,A(x) , (59)
where Sp,A(x) is the Hamilton function obtained in the previous section and given by the
equation (15) with the integration constant set to zero. The Volkov functions can be made
more explicit in terms of the parameters of the wave. After some more algebra, we find that
the Volkov solution in the knot wave background has the following analytic form
ψ
(F )
A,p,α(x) =
{
1 +
qe−ω√
8piω2p · k /k
[
m
[
γ3
(
k21 + k
2
2
)− γ1k1k3 − γ2k2k3]+ sω (γ3k2 − γ2k3)] cos(φ)
− qe
−ω
√
8piω2p · k /k
[
s
[−γ1 (k22 + k23)+ γ2k1k2 + γ3k1k3]+mω (γ2k1 − γ1k2)] sin(φ)}
× exp
{
−ip · x− iqe
−ω
√
2piω2p · x
[
m
[
p3
(
k21 + k
2
2
)− p1k1k3 − p2k2k3]+ sω (p3k2 − p2k3)] sin(φ)
+
iqe−ω√
2piω2p · x
[
s
[−p1 (k22 + k23)+ p2k1k2 + p3k1k3]+mω (p2k1 − p1k2)] cos(φ)}
× exp
{
−i
(
M2? −M2
2ω2p · k
)
φ
}
up,α . (60)
Some comments are in order here. Firstly, concerning the calculations, we note that the equa-
tion (60) contains a new Volkov solution obtained in the particular case of a wave function,
namely the real monochromatic knot. The wave property of the knot allows us to derive the
Volkov solutions by following the general method for the plane wave which we have applied
it as showed in [58, 61, 62]. The only important detail worth noting here is the fact that
we were able to determine the Volkov function of the sum of plane waves because each sine
and cosine component of the wave satisfies independently the Lorentz gauge condition given
by the equation (10) above. Secondly, the main distinction between the Volkov state (60)
and a polarized plane wave resides in the information about the topological electromagnetic
field that is expressed by the combinations of components of the wave momentum k and the
real knot numbers (m, s) that parametrize the functions ψ
(F )
A,p,α(x). As we have seen in the
Section 2, these numbers are the two parameters allowed by the procedure of taking the real
part of the complex knot mode and keeping orthogonal components. For m = s = 0, the
functions ψ
(F )
A,p,α(x) describe a free field as expected
ψ
(F ) 0
A,p,α(x) = e
−ip·xup,α . (61)
One important advantage of knowing the Volkov states is that the set {ψ(F )A,p,α}p,α can be
used to calculate the matrix elements of the scattering operator S
(F )
A defined as usual by the
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following relation [57]
S
(F )
A = T exp
[
−iq
∫
d4x : ψ¯
(F )
A (x) /A(F )(x)ψ(F )A (x) :
]
, (62)
where the mode decomposition of the radiation field /A(F ) is given by the equation (52) above.
By applying the standard QFT methods, one can give the Dyson series of the operator S
(F )
A
[59]
S
(F )
A =
∞∑
r=1
(−1)sqs
s!
∫
d4x1 · · · d4xs : ψ¯(F )A (x1) /A(F )(x1)ψ(F )A (x1) : · · · : ψ¯(F )A (xs)A /A(F )(xs)ψ(F )A (xs) : .
(63)
As usual, the relation (63) can be used to calculate the scattering amplitudes of the quantum
processes between the charged particles and the photons described by the states |ψ,A〉 in
the knot background A.
5 Compton effect in knot wave background
As an example, let us consider the lowest order process of the nonlinear one-photon Compton
scattering. The matrix element from the equation (63) has the following form
S
(F )
A,fi = 〈p′, α′; k′, λ′|S(F )A |p, α〉 = −iq
∫
d4x ψ¯
(F )
A,p′,α′(x) /ε
? ′
λ′ ψ
(F )
A,p,α(x) e
ik′·x , (64)
where (p, α) and (p′, α′) are the linear momentum and the spin of the initial and final
particles, respectively, and (k′, λ′) are the linear momentum and polarization of the emitted
photon that is found in the final state of the process.
The computation of the S-matrix from the equation (64) is quite standard and it was
used to discuss the Compton effect in a plane wave and a finite pulse backgrounds, see e.
g. [68, 70]. Nevertheless, let us outline its main points for clarity. By using the mode
decompositions of fields given by the equations (50)-(52), we can write the S-matrix element
of the Compton effect as follows
S
(F )
A,fi = −iq〈0|ak′,λ′cp′,α′
∫
d4x : ψ¯
(F )
A (x) /A(F )(x)ψ(F )A (x) : c†p,α|0〉 . (65)
After performing the due contractions, we obtain the following result
S
(F )
A,fi = −iq
∫
d4x u¯p′,α′
{
1 +
qe−ω
2
√
2piω2p · k /k
[
/ε1,knot(k) cos(φ)− /ε2,knot(k) sin(φ)
]}
/ε? ′λ′
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×
{
1 +
qe−ω
2
√
2piω2p · k /k
[
/ε1,knot(k) cos(φ)− /ε2,knot(k) sin(φ)
]}
up,αe
i(Sp(x)−Sp′ (x)) eik
′·x ,
(66)
where ε? ′λ′ is the polarization vector of the emitted photon and Sp(x) is the Hamilton-Jacobi
action with the particle momentum emphasized. By using the properties of the vectors
εµ1,knot(k) and ε
µ
2,knot(k) discussed in Section 2 and in the Appendix A and by performing
some algebraic calculations, we can show that the phase function from the equation (66) has
the following form
Sp(x)− Sp′(x) = Γ1(p, p′, k) sin(φ) + Γ2(p, p′, k) cos(φ) + Γ3(p, p′, k)φ , (67)
where the coefficients Γ1,2,3(p, p
′, k) are given by the following relations
Γ1(p, p
′, k) =
qe−ω√
2piω
[
p′ · ε1,knot(k)
p′ · k −
p · ε1,knot(k)
p · k
]
,
Γ2(p, p
′, k) =
qe−ω√
2piω
[
p′ · ε2,knot(k)
p′ · k −
p · ε2,knot(k)
p · k
]
,
Γ3(p, p
′, k) =
M2 (M2? −M2)ω4
4
[
1
p′ · k −
1
p · k
]
. (68)
The integrals from the right hand side of the equation (66) are of the following general form
Ω =
∫
d4xF (φ)ei(k
′+p′−p)·x . (69)
In order to solve them, it is convenient to pass to the light-front coordinates x± = x0 ± x3,
x⊥ = {x1, x2}. Since the knot wave vector satisfies k2 = 0, its components can be chosen
such that k+ = 0, k− = 2ω, k⊥ = 0 and the covariant phase is φ = ωx+ [60]. It follows that
the four-dimensional covariant integration measure in space-time is√
− det(ηµν) d4x = 1
2ω
dφ dx−d2x⊥ . (70)
By integrating in the variables x− and x⊥, we obtain the following result
Ω =
(2pi)3
ω
δ(3) (p− p′ − k′)
∫ +∞
−∞
dφF (φ)e
i
2ω
(k′ −+p′ −−p−)φ . (71)
We introduce χ which is the conjugate variable to the phase φ and it is defined as follows
χ =
k′ · p
k · p′ . (72)
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Then we can write the S-matrix as usual in terms of the transition amplitude
S
(F )
A,fi = −iq
(2pi)3
ω
δ
(
p+ − p′+ − k′+) δ(2) (p⊥ − p′⊥ − k′⊥)M(χ) . (73)
The integrals in φ from the equation (71) have the general form
I =
∫ +∞
−∞
dφf(φ) exp {i [Γ1 sin(φ) + Γ2 cos(φ) + (Γ3 + χ)φ]} , (74)
where f(φ) denotes the following functions
f(φ) = {1 , cos(φ) , sin(φ) , cos2(φ) , sin(2φ) , sin2(φ)} . (75)
The integrals defined by the equations (74) and (75) cannot be solved directly due to the
nonlinearities of their integrands. However, the integrands are periodic functions on φ.
Therefore, we can find analytic forms for these integrals in terms of series of Bessel functions
[68]. In what follows, we are going to employ the following generating function [66]
exp
[
z
2
(
t+
1
t
)]
=
+∞∑
n=−∞
tnIn(z) , t 6= 0 , z ∈ C , (76)
where In(z) are the modified Bessel functions and the index n must not be confused with
the member of the quadruplet (m,n, l, s) that label the knot. Then after some algebra and
rearrangements, we obtain the following series representation of the transition matrix
M(χ) =
+∞∑
n=−∞
δ (n+ Γ3 + χ)
{[
2pi u¯p′,α′ /ε
? ′
λ′ up,α +
q2e−ω
2
8piω4(p · k)2
[
u¯p′,α′ /ε1 /k /ε
? ′
λ′ /k /ε1 up,α
+ u¯p′,α′ /ε2 /k /ε
? ′
λ′ /k /ε2 up,α
]]
e−in arctan(Γ1/Γ2)In
(
i
√
Γ21 + Γ
2
2
)
+
q
√
pie−ω√
2ω2p · k
[
k · ε? ′λ′ u¯p′,α′
(
/ε1 − i/ε2
)
up,α − (ε1 − iε2) · ε? ′λ′ u¯p′,α′ /k up,α
]
× e−i(n−1) arctan(Γ1/Γ2)In−1
(
i
√
Γ21 + Γ
2
2
)
+
q
√
pie−ω√
2ω2p · k
[
k · ε? ′λ′ u¯p′,α′
(
/ε1 + i/ε2
)
up,α − (ε1 + iε2) · ε? ′λ′ u¯p′,α′ /k up,α
]
× e−i(n+1) arctan(Γ1/Γ2)In+1
(
i
√
Γ21 + Γ
2
2
)
+
q2e−ω
2
16ω4(p · k)2
[
u¯p′,α′ /ε1 /k /ε
? ′
λ′ /k /ε1 up,α + iu¯p′,α′ /ε2 /k /ε
? ′
λ′ /k /ε1 up,α
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+ i u¯p′,α′ /ε1 /k /ε
? ′
λ′ /k /ε2 up,α − u¯p′,α′ /ε2 /k /ε? ′λ′ /k /ε2 up,α
]
e−i(n−2) arctan(Γ1/Γ2)In−2
(
i
√
Γ21 + Γ
2
2
)
+
q2e−ω
2
16ω4(p · k)2
[
u¯p′,α′ /ε1 /k /ε
? ′
λ′ /k /ε1 up,α − iu¯p′,α′ /ε2 /k /ε? ′λ′ /k /ε1 up,α
− i u¯p′,α′ /ε1 /k /ε? ′λ′ /k /ε2 up,α − u¯p′,α′ /ε2 /k /ε? ′λ′ /k /ε2 up,α
]
e−i(n+2) arctan(Γ1/Γ2)In+2
(
i
√
Γ21 + Γ
2
2
)
} .
(77)
Here, we have dropped the reference to the knot from the indices of the helicity operators
and their arguments for simplicity. The relation (77) has the form
M(χ) =
+∞∑
n=−∞
δ (n+ Γ3 + χ)Mn(χ) , (78)
in an obvious notation. Note that the relationM(χ) is a series of δ-functions similar to the
one obtained in [68] in the case of a plane wave background. This results is expected since
the knot wave has similar properties to the plane wave with the exception of the vectors εµ1,2
that contain information about the topological properties of the electromagnetic knot. A
direct consequence of the δ-functions is that the difference between the allowed values of the
previously continuous variable χ is now discrete.
The calculation of the emission probability can be done by interpreting the four mo-
mentum conservation as being the finite space-time volume V T
δ(4)(pin − pfin)δ(4)(0) = V T
(2pi)4
δ(pin − pfin) . (79)
The relevant quantity in this case is the differential rate of the quantum transition per unit
time dW˙ ' |S(F )A,fi|2/T . From the equation (73) we can see that
|S(F )A,fi|2 =
(2pi)6 q2
ω2
δ (0) δ(3) (p− p′ − k′) |M|2 , (80)
where we are using a simplified notation for the three-dimensional momentum delta-functions
in the light-front coordinates. This is the same convention as the one used in [69, 70] to
calculate the transition amplitudes in the presence of plane waves and laser pulses. The total
and the partial cross sections for different transitions are calculated by averaging over the
initial and final spin states α and α′, namely
|M|2 = 1
2
∑
α
∑
α′
|M(χ)|2 . (81)
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The simplest process fromM(χ) is u¯ /ε? ′u which does not involve the knot field photons that
determine only the exponential and the Bessel function factor. The contribution of the knot
field photons start to show up in the processes u¯
(
/ε1 ∓ i/ε2
)
u and u¯ /k u in which the Dirac
particle interacts only with the background photons. The more complicated interactions like
u¯ /εA /k /ε
? ′ /k /εB u, where A,B = 1, 2 involve all the degrees of freedom of the Dirac particle,
the knot field photons and the emitted photon.
In order to get a feeling of the interaction with the knot mode, let us work out the prob-
abilities of some partial transition amplitudes in the general case. By using the properties of
the Dirac matrices, we calculate the following probabilities for processes that do not involve
the knot photons
|Mn,ε′(χ)|2 = |u¯ /ε? ′u|2 = 8pi2 [(ε? ′λ′ · p′) (ε′λ′ · p) + (ε? ′λ′ · p) (ε′λ′ · p′)
− (p′ · p−M2) ε? ′λ′ · ε′λ′] |In(i√Γ21 + Γ22) |2 , (82)
|Mn,k(χ)|2 = |u¯ /ku|2 = pi
2q2e−2ω
2ω4
k · p′
k · p |In
(
i
√
Γ21 + Γ
2
2
)
|2 , (83)
Here, ε′λ′ is the complex conjugate of ε
? ′
λ′ and the overall coefficients from (77) have been
restored. The first processes in which the knot photon interacts with the Dirac particle have
the following probabilities
|Mn,±(χ)|2 = |u¯
(
/ε1 ∓ i/ε2
)
u|2
=
pi2q2e−2ω
2ω4(p · k)2
{[−mk1k3p1 − (mk2k3 − sωk3) p2 + (m (k21 + k22)− sωk2) p3]
× [−mk1k3p′1 − (mk2k3 − sωk3) p′2 + (m (k21 + k22)− sωk2) p′3]
+
[(
mωk2 + s
(
k22 + k
2
3
))
p1 − (mωk1 + sk1k2) p2 − sωk2k3p3
]
× [(mωk2 + s (k22 + k23)) p′1 − (mωk1 + sk1k2) p′2 − sωk2k3p′3]
+
2piM2 (M2? −M2)ω4
q2e−2ω
(
p′ · p−M2)} |In∓1(i√Γ21 + Γ22) |2 . (84)
In the above expression, we have used the explicit form of the vectors εµ1,knot and ε
µ
2,knot given
by the relations (6) as discussed in Section 2. In the equations (82), (83) and (84), the
background mode is present in the argument of the Bessel function and of the exponential.
Their explicit form is given in the Appendix B.
The complexity of the partial transition amplitudes increases when more processes are
considered. For example, the real part of the partial transition amplitudesMn,ε′(χ)M?n,∓(χ)
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has the following expression
< [Mn,ε′(χ)M?n,∓(χ)] = < [Mn,ε′(χ)M?n,∓(χ)]1 + < [Mn,ε′(χ)M?n,∓(χ)]2 . (85)
The two terms are quite large expressions in terms of (m, s) which are given in the Appendix
B. The other processes from the relation (77) are also massively large due to the trace of
the Dirac-matrices that generate 960 terms for each product and for arbitrary values of
momenta.
5.1 Partial transition amplitudes in particular cases
Let us discuss in more detail the partial transition amplitudes |Mn,ε′(χ)|2, |Mn,k(χ)|2 and
|Mn,±(χ)|2 for some particular knot backgrounds and fixed particle and photon states. As
a general idea, in order to pick up a concrete knot background, one has to fix its topological
properties by choosing values for the knot numbers (m, s) and its physical properties as
energy and wave vector by defining the values of kµ = (ω,k). This amounts to fixing six
real parameters. On the other hand, the quantum states are defined in terms of the ingoing
and outgoing particles four momenta pµ and p′µ, respectively, which gives us other eight
parameters. Finally, by fixing the values of ε?′µλ′ and by determining k
′µ from the conservation
laws, one defines the properties of the emitted photon. Recall that the reference frame
was already fixed at the beginning together when the gauge was fixed as well. By taking
into account all these parameters, the first non-trivial knot waves are defined by the pairs
(m = 0, s = 1) and (m = 1, s = 0). It is instructive to discuss these two knot backgrounds as
they provide an example of the statement that the partial transition amplitudes in different
backgrounds and for different states are related by an equivalence relation, in the sense that
the functions that describe the corresponding probabilities are the same.
For simplicity, we will calculate explicitly only the partial processes with n = 0 from
the relation (77). To this end, we introduce the notation ζ =
√
Γ21 + Γ
2
2 > 0 for the variable
of the Bessel functions.
5.1.1 Case m = 0, s = 1, n = 0
In this case, we fix the rest of the parameters of the states for which we calculate the partial
amplitudes as follows
kµ = (k0, k1, k2, k3) = (ω, 0, 0, k3 = k) ,
εµ1 = (0, ε1) = (0, 0, ωk,−ωk)
εµ2 = (0, ε2) =
(
0,−k2, 0, 0)
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pµ = (p0, p1, p2, p3) = (ωp, 0, p2 = p, 0) ,
p′µ = (p
′
0, p
′
1, p
′
2, p
′
3) = (ωp′ , 0, p
′
2 = p
′, 0) ,
ε?′λ′,1,µ =
(
ε?′µλ′,1,0, ε
?′
λ′,1
)
= (0, 0, 1, 0)
ε?′λ′,2,µ =
(
ε?′µλ′,2,0, ε
?′
λ′,2
)
= (0, 0, 0, 0) , (86)
with
ε? ′λ′,µ = ε
? ′
λ′,1,µ + iε
? ′
λ′,2,µ . (87)
Note that for the emitted photon we have
−ω′ + k′3 = ωp′ − ωp + p3 − p′3 , (88)
k′⊥ = p⊥ − p′⊥ . (89)
The above relations are conservation laws in the presence of the knot background and they
are a consequence of the light-front delta functions. By using the equation (86) - (89) and the
energy-momentum relation for the incoming and outgoing particles ω2 = p2 + M2 together
with the dispersion relations ω = |k| for the photons, we can express the frequency of the
emitted photon in terms of the energies of the incoming and outgoing particles as follows
ω′ =
ω2p + ω
2
p′ − ωpωp′ −M2 −
√(
ω2p −M2
) (
ω2p′ −M2
)
ωp − ωp′ . (90)
The partial amplitudes of the states from the equations (86) can be easily calculated from
the relations (82), (83) and (84). After some simple algebra, we get the following expressions
for the corresponding probabilities
|M0,ε′(χ)|2 = 8pi2
(
ωpωp′ + p
′p−M2) |J0(√Γ21 + Γ22) |2 , (91)
|M0,k(χ)|2 = pi
2q2ωp′
2ωp
e−2ω
ω4
|J0
(√
Γ21 + Γ
2
2
)
|2 , (92)
|M0,±(χ)|2 = pi
2q2
2ω2p
(
ωp′ωp −M2
) e−2ω
ω2
|J∓1
(√
Γ21 + Γ
2
2
)
|2 . (93)
Due to our fixing of parameters, we have obtained in the above relations the probability
amplitudes as functions of the frequency of the monochromatic wave ω. The only parameters
left are the charge and rest mass of the incoming and outgoing particles as well as their
energies and momenta. Note that the Bessel functions are also ω dependent because their
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argument takes the following form for the chosen states
ζ2 = Γ21 + Γ
2
2 =
q2e−2ω
2pi
(
p′
ωp′
− p
ωp
)2
. (94)
Also, the effective mass defined by the equation (28) is ω dependent and it is given by the
following relation
M2? = M
2
(
1 +
q2e−2ω
2piM2
)
. (95)
Even in this relatively simple case, the dependence on the probability amplitudes on the
knot frequency is quite complicate due to the Bessel functions. Therefore, it is instructive
to consider the following two limits.
I) ζ → 0 For large values of the frequency of the knot wave background the argument
of the Bessel functions go to zero. By using the relations collected in the Appendix C, we
obtain the following asymptotic expressions of the probabilities
|M0,ε′(χ)|2 ' 8pi2
(
ωpωp′ + p
′p−M2) , (96)
|M0,k(χ)|2 ' pi
2q2ωp′
2ωp
e−2ω
ω4
, (97)
|M0,±(χ)|2 ' q
4
32ω2p
(
ωp′ωp −M2
) [( p′
ωp′
)2
+
(
p
ωp
)2]2
e−6ω
ω2
. (98)
Note that the probabilities of these partial amplitudes decrease with the increasing of the
frequency, with the exception of the contribution of the polarization which is constant.
II) ζ → ∞ The limit ζ =
√
Γ21 + Γ
2
2 → ∞ is not achieved for any value of the frequency
ω ∈ (0,∞). However, for any fix ω, the processes at low energies ωp, ωp′ →∞ generate large
values of the argument of the Bessel functions. It follows that the probabilities are described
by the following asymptotic expressions
|M0,ε′(χ)|2 ' 16pi
(
ωpωp′ + p
′p−M2){q2e−2ω
2pi
[(
p′
ωp′
)2
+
(
p
ωp
)2]}−1
× cos2
[
q2e−2ω
2pi
[(
p′
ωp′
)2
+
(
p
ωp
)2]
− pi
4
]
, (99)
|M0,k(χ)|2 ' piq
2ωp′
ωp
e−2ω
ω4
{
q2e−2ω
2pi
[(
p′
ωp′
)2
+
(
p
ωp
)2]}−1
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× cos2
[
q2e−2ω
2pi
[(
p′
ωp′
)2
+
(
p
ωp
)2]
− pi
4
]
, (100)
|M0,−(χ)|2 ' piq
2
ω2p
(
ωp′ωp −M2
) e−2ω
ω2
[
q2e−2ω
4pi
[(
p′
ωp′
)2
+
(
p
ωp
)2]]−1
× cos2
[
q2e−2ω
2pi
[(
p′
ωp′
)2
+
(
p
ωp
)2]
− 3pi
4
]
, (101)
|M0,+(χ)|2 ' piq
2
ω2p
(
ωp′ωp −M2
) e−2ω
ω2
[
q2e−2ω
4pi
[(
p′
ωp′
)2
+
(
p
ωp
)2]]−1
× cos2
[
q2e−2ω
2pi
[(
p′
ωp′
)2
+
(
p
ωp
)2]
+
pi
4
]
. (102)
The above relations show that the probability amplitudes of the partial processes can be
understood as functions that oscillate with cosine squared (actually a superposition of sine
and cosine in the last equations due to the corresponding phases) but with amplitudes
damped as either ω−2ω or ω−4 with the exception of |M0,ε′(χ)|2 which increases as e2ω. We
note that the oscillating nature of these amplitudes is similar to the one obtained in the case
of laser wave backgrounds (see e. g. [69, 70, 71]).
5.1.2 Case m = 1, s = 0, n = 0
It is interesting to consider a case where we fix the knot parameters to (m = 1, s = 0) but
keep most of the other parameter as close as possible to the previous case. In this case, we
consider the partial amplitudes for the following states
kµ = (k0, k1, k2, k3) = (ω, k1 = k, 0, 0) ,
εµ1 = (0, ε1) =
(
0, k1k3, k2k3,−k21 − k22
)
εµ2 = (0, ε2) = (0,−ωk2, ωk1, 0)
pµ = (p0, p1, p2, p3) = (ωp, 0, 0, p3 = p) ,
p′µ = (p
′
0, p
′
1, p
′
2, p
′
3) = (ωp′ , 0, 0, p
′
3 = p
′) ,
ε?′λ′,1,µ =
(
ε?′µλ′,1,0, ε
?′
λ′,1
)
= (0, 0, 0, 1)
ε?′λ′,2,µ =
(
ε?′µλ′,2,0, ε
?′
λ′,2
)
= (0, 0, 0, 0) , (103)
This choice of particle and photon states is instructive since it exemplifies the symmetry
between the set of states and the associated particle amplitudes that depend on the knot
numbers (m, s) of the wave backgrounds.
Indeed, by repeating the same steps as in the previous case, we obtain the following
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amplitudes
|M0,ε′(χ)|2 = 8pi2
(
ωp′ωp + p
′p−M2) |J0(√Γ21 + Γ22) |2 , (104)
|M0,k(χ)|2 = pi
2q2ωp′
2ωp
e−2ω
ω4
|J0
(√
Γ21 + Γ
2
2
)
|2 , (105)
|M0,±(χ)|2 = pi
2q2
2ω2p
(
ωp′ωp −M2
) e−2ω
ω2
|J∓1
(√
Γ21 + Γ
2
2
)
|2 . (106)
Note that these amplitudes are identical to the ones from the previous case given by the
equations (91), (92) and (93). Moreover, by calculating the argument of the Bessel function
we obtain the following result
Γ21 + Γ
2
2 =
q2e−2ω
2pi
(
p′
ωp′
− p
ωp
)2
, (107)
which is the same as the one obtained in the equation (94). Finally, we obtain for the
effective mass the function
M2? = M
2
(
1 +
q2e−2ω
2piM2
)
. (108)
This is the same as the mass given by the equation (95).
We conclude that the values of the probabilities of the partial amplitudes, the argument
of the Bessel functions and the effective mass are the same in the two case (m = 0, s = 1)
and (m = 1, s = 0) but for different states. Note that this result is not trivial since none
of these function is symmetric in m and s. Therefore, it is meaningful to ask whether the
coincidence of these expressions is an accident or is a result of a deeper relationship between
the states and a consequence of the geometrical properties of the knot wave background
which inherits symmetry properties from the topological knot. From the practical side, since
the computation of probabilities for more general knot numbers (m, s) is obviously more
difficult, the question about the existence of a symmetry which could help simplify these
computations is relevant.
Due to the identical results obtained in the case (m = 1, s = 0), it follows that the
discussion of the limits ζ → 0 and ζ → ∞ of the probability functions are the same as in
the case m = 0, s = 1.
6 Conclusions
In this paper, we have analysed the dynamics of a charged particle in the background of a
strong electromagnetic non-null knot wave field at classical as well as quantum level. The
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interest in this type of system is motivated by the recent theoretical studies of the properties
of the electromagnetic knots as well as by the experimental results that have reported the
generation of electromagnetic phase knots of which the knots fields discussed in this paper
represent a generalization.
From the point of view of the investigation of the topological solutions of Maxwell’s
equations, the results obtained here provide new information on the physics of systems with
topological electromagnetic fields. Here, we have considered the solutions parametrized by
the integers with n = m and l = s which describe a two-parameter family of knots for
which the solutions of the quantum equations of motion are superpositions of the solutions
of two independent waves. At the classical level, we have completely determined the particle
dynamics in the Hamilton-Jacobi formalism and have shown that our results can be used
to calculate relevant physical quantities such as the energy scattered per unit frequency and
solid angle. The quantum properties have been discussed in the case of the spin half particle.
We have argued that for wave frequencies much higher than a critical frequency ωcr that was
estimated in the equation (35), the knot wave can be treated as a classical strong background
field. We have quantized this system by using canonical methods of the strong-field QED.
In particular, we have constructed the Furry picture and have given the Fock space and
the operatorial equations of motion for the Dirac field and the radiation field in the knot
background. Then, by using the strong-QED techniques found in the literature in standard
texts, e. g. [58, 61, 62], we have solved the Dirac equation and determined a new set of
Volkov solutions in the real monochromatic electromagnetic knot given by the equation (60).
These Volkov functions form a family paramerized by the knot numbers (m, s) which contain
information about the topological structure of the original complex knot wave. However, this
information is reduced when compared with the full knot wave by the procedure of taking the
real part of the complex wave and keeping the orthogonal superposition of sine and cosine
background fields. The general results of the strong-field QED give the elements of the S-
matrix in terms of Volkov fields which allow us to calculate the probabilities of the processes
involving charged spin half particles and photons in the real knot wave background. We have
exemplified our results in the case of the one-photon Compton effect for which we have given
the power expansion of the S-matrix in the interaction parameter and have determined its
form and the average differential emission probability in the lowest order approximation.
The results obtained in this paper open up a series of interesting investigation lines.
One interesting problem is to find all mathematical properties of the Ritus matrices and
implicitly the Volkov solutions for the knot wave backgrounds. That is an important issue
even in the general context of electric charges in strong plane-wave fields, with new mathe-
matical properties proved recently in e. g. [68]. The Volkov solutions obtained here can be
generalized to wave packets, which is interesting for the theory of laser beams. While the
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full knot is such of packet, it is certainly interesting to study the properties of wave packets
with different momentum distributions or carrier envelope phase. Naturally, it is possible to
repeat almost verbatim the present calculations for other electromagnetic knots. One impor-
tant point here is to discuss the regularization of the quantum amplitudes in the presence
of the electromagnetic potentials which would allow one to compare the results with the
Coulomb scattering in other types of knot backgrounds. As we have seen in the discussion of
the wave backgrounds with the knot numbers (m = 0, s = 1) and (m = 1, s = 0), there is a
symmetry parametrized by the (m, s) among the partial amplitudes of different states. It is
a meaningful question whether this symmetry is a general property of the S-matrix or just
a casual property of some states and knot backgrounds. Since the knot waves are solutions
of Maxwell’s equations in vacuum, the whole quantization procedure its based on the quan-
tization of the fluctuations of the electromagnetic field around these solutions. Therefore,
it is necessary to analyse further the stability of the knot backgrounds in the presence of
sources. Also, it is important to investigate other quantum effects in the presence of the
knot fields, like e. g. the two-photon Compton effect [69, 71], in order to understand better
these intriguing systems.
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Appendix A: Fourier decomposition of knot fields
Here, we gives some more details on the Fourier decomposition of the non-null knot fields
discussed thoroughly in [54].
By applying the Fourier transform to the electromagnetic field in vacuum in the Lorentz
gauge, one obtains the following expressions
E(x0,x) =
1
2(2pi)3/2
∫
d3k
[
(E?0(k)− n×B?0(k)) e−ik·x + (E0(k)− n×B0(k)) eik·x
]
,
(A.109)
B(x0,x) =
1
2(2pi)3/2
∫
d3k
[
(B?0(k) + n× E?0(k)) e−ik·x + (B0(k) + n× E0(k)) eik·x
]
.
(A.110)
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From their definitions, it follows that the corresponding three dimensional potentials A and
C have the Fourier decompositions
A(x0,x) =
i
(2pi)3/2
∫
d3k
[
(−E?0(k) + n×B?0(k)) e−ik·x + (E0(k)− n×B0(k)) eik·x
]
,
(A.111)
C(x0,x) =
i
(2pi)3/2
∫
d3k
[
(B?0(k) + n× E?0(k)) e−ik·x + (−B0(k) + n× E0(k)) eik·x
]
.
(A.112)
The potentials can be written in terms of circularly polarized waves given by the relations
(A.119) and (A.120) below upon the identification
aR(k) eR(k) + aL(k) eL(k) =
−i√
2k
(E?0(k)− n×B?0(k)) , (A.113)
aR(k) eR(k)− aL(k) eL(k) = 1√
2k
(B?0(k) + n× E?0(k)) . (A.114)
The vectors of the basis satisfy the following product relations
eR · eR = 0 , eL · eL = 0 , n · n = 1 ,
eL × eR = in , eR × n = ieR , n× eL = ieL . (A.115)
Here, eR(k) and eL(k) are the left and right linearly independent helicity vectors and aR(k)
and aL(k) are the Fourier coefficients in the helicity basis which is defined by the set of three-
dimensional complex vectors {eR(k), eL(k),n(k) = k/|k|}. By applying the above relations
to the knots defined by the equations (2) and (3), one obtains the Fourier decomposition of
the corresponding potentials. In general, the Fourier modes are complex vector fields [54] of
the following form
A(x0,x) =
∫
dµ(k)
[
µ+(k)e
−ik·x + c. c.
]
, (A.116)
C(x0,x) =
∫
dµ(k)
[
µ−(k)e
−ik·x + c. c.
]
. (A.117)
Here, we are using the following notation for the covariant measure in the particle phase
space and photon phase space, respectively,
dµ(p) =
d3p
(2pi)3 2ωp
, dµ(k) =
d3k
(2pi)3 2ωk
. (A.118)
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One can easily see that the three-dimensional polarization vectors can be written as follows
µ+ (k) = aR(k) eR(k) + aL(k) eL(k) , (A.119)
µ− (k) = aR(k) eR(k)− aL(k) eL(k) . (A.120)
It follows that the explicit form of the products from the right hand side of the equations
(A.119) and (A.120) in the basis {e1, e2, e3} and in the k-space are
aL(k) eL(k) =
1
4
√
pi|k|e
−|k|

m− n|k|
 k1k3k2k3
− (k21 + k22)
+ (s− l)
 0k3
−k2


− i
 l − s|k|
k22 + k23−k1k2
−k1k3
+ (n−m)
 k2−k1
0


 , (A.121)
aR(k) eR(k) =
1
4
√
pi|k|e
−|k|

m+ n|k|
 k1k3k2k3
− (k21 + k22)
+ (s+ l)
 0k3
−k2


− i
s+ l|k|
k22 + k23−k1k2
−k1k3
+ (n+m)
 k2−k1
0


 , (A.122)
where k = (k1, k2, k3). The normalization of the vectors of the Cartesian basis and the
relationship between the two basis are
e21 = e
2
2 = 1/2 , e
2
3 = 1 , (A.123)
eR = e1 + ie2 , eL = e1 − ie2 , n = e3 . (A.124)
Appendix B: Some partial amplitudes in Compton scat-
tering
Here, we present the calculation of the amplitude |Mn,ε′M?n,∓| in terms of the knot param-
eters (m, s) in the case of arbitrary momenta.
By using their definitions, we obtain the following expressions for the arguments of the
Bessel and the exponential functions
Γ1
Γ2
=
{[−mk1k2p′1 + (mk1k3 + sωk3) p′2 + [m (k21 + k22)+ sωk2] p′3] (p · k)
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− [−mk1k2p1 + (mk1k3 + sωk3) p2 + [m (k21 + k22)+ sωk2] p3] (p′ · k)}
× {[[mωk2 + s (k22 + k23)] p′1 − (mωk1 + sk1k2) p′2 − sk2k3p′3] (p · k)
− [[mωk2 + s (k22 + k23)] p1 − (mωk1 + sk1k2) p2 − sk2k3p3] (p′ · k) }−1 , (B.125)
Γ21 + Γ
2
2 =
q2e−2ω
2piω2
{{[−mk1k2p′1 + (mk1k3 + sωk3) p′2 + [m (k21 + k22)+ sωk2] p′3]2
− [[mωk2 + s (k22 + k23)] p′1 − (mωk1 + sk1k2) p′2 − sk2k3p′3]2}× (p′ · k)−2
+
{[−mk1k2p1 + (mk1k3 + sωk3) p2 + [m (k21 + k22)+ sωk2] p3]2
− [[mωk2 + s (k22 + k23)] p1 − (mωk1 + sk1k2) p2 − sk2k3p3]2}× (p · k)−2
− 2{[−mk1k2p′1 + (mk1k3 + sωk3) p′2 + [m (k21 + k22)+ sωk2] p′3]
× [−mk1k2p1 + (mk1k3 + sωk3) p2 + [m (k21 + k22)+ sωk2] p3]
+
[[
mωk2 + s
(
k22 + k
2
3
)]
p′1 − (mωk1 + sk1k2) p′2 − sk2k3p′3
]
× [[mωk2 + s (k22 + k23)] p1 − (mωk1 + sk1k2) p2 − sk2k3p3]} (p′ · k)−1 (p · k)−1}
(B.126)
Since these are quite large expressions, they have not been substituted in the formulas where
they appear in the text.
The real partial amplitude that we calculate in terms of (m, s) has the following form
< [Mn,ε′(χ)M?n,∓(χ)] = < [Mn,ε′(χ)M?n,∓(χ)]1 + < [Mn,ε′(χ)M?n,∓(χ)]2 . (B.127)
After some extended but straightforward calculations, the relation (B.127) takes the following
form
< [Mn,ε′(χ)M?n,∓(χ)] =
− 4pi
√
2piqe−ω
ω2p · k
{(
k · ε?′λ′,1
) [−mk1k2p′1 + (mk1k3 + sωk3) p′2 + [m (k21 + k22)+ sωk2] p′3]
×
[(
p · ε?′λ′,1
)
sin
(
arctan
(
Γ1
Γ2
))
∓ (p · ε?′λ′,2) cos(arctan(Γ1Γ2
))]
+
(
k · ε?′λ′,1
) [−mk1k2p1 + (mk1k3 + sωk3) p2 + [m (k21 + k22)+ sωk2] p3]
×
[(
p′ · ε?′λ′,1
)
sin
(
arctan
(
Γ1
Γ2
))
∓ (p′ · ε?′λ′,2) cos(arctan(Γ1Γ2
))]
− (k · ε?′λ′,1) (p · p′ −M2)
×
[[−mk1k2ε? ′λ′,1,1 + (mk1k3 + sωk3) ε? ′λ′,1,2 + [m (k21 + k22)+ sωk2] ε? ′λ′,1,3] sin(arctan(Γ1Γ2
))
∓ [[mωk2 + s (k22 + k23)] ε? ′λ′,2,1 − (mωk1 + sk1k2) ε? ′λ′,2,2 − sk2k3ε? ′λ′,2,3] cos(arctan(Γ1Γ2
))]
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± (k · ε?′λ′,2) [[mωk2 + s (k22 + k23)] p′1 − (mωk1 + sk1k2) p′2 − sk2k3p′3]
×
[(
p · ε?′λ′,1
)
sin
(
arctan
(
Γ1
Γ2
))
∓ (p · ε?′λ′,2) cos(arctan(Γ1Γ2
))]
± (k · ε?′λ′,2) [[mωk2 + s (k22 + k23)] p1 − (mωk1 + sk1k2) p2 − sk2k3p3]
×
[(
p′ · ε?′λ′,1
)
sin
(
arctan
(
Γ1
Γ2
))
∓ (p′ · ε?′λ′,2) cos(arctan(Γ1Γ2
))]
∓ (k · ε?′λ′,2) (p · p′ −M2)
×
[[[
mωk2 + s
(
k22 + k
2
3
)]
ε?′λ′,1,1 − (mωk1 + sk1k2) ε?′λ′,1,2 − sk2k3ε?′λ′,1,3
]
sin
(
arctan
(
Γ1
Γ2
))
∓ [[mωk2 + s (k22 + k23)] ε?′λ′,2,1 − (mωk1 + sk1k2) ε?′λ′,2,2 − sk2k3ε?′λ′,2,3] cos(arctan(Γ1Γ2
))]
+
(
k · ε?′λ′,2
) [−mk1k2p′1 + (mk1k3 + sωk3) p′2 + [m (k21 + k22)+ sωk2] p′3]
×
[
p · ε?′λ′,2 sin
(
arctan
(
Γ1
Γ2
))
± p · ε?′λ′,1 cos
(
arctan
(
Γ1
Γ2
))]
+
(
k · ε?′λ′,2
) [−mk1k2p1 + (mk1k3 + sωk3) p2 + [m (k21 + k22)+ sωk2] p3]
×
[
p′ · ε?′λ′,2 sin
(
arctan
(
Γ1
Γ2
))
± p′ · ε?′λ′,1 cos
(
arctan
(
Γ1
Γ2
))]
− (k · ε?′λ′,2) (p · p′ −M2) [[−mk1k2ε?′λ′,2,1 + (mk1k3 + sωk3) ε?′λ′,2,2 + [m (k21 + k22)+ sωk2] ε?′λ′,2,3]
× sin
(
arctan
(
Γ1
Γ2
))
± [−mk1k2ε?′λ′,1,1 + (mk1k3 + sωk3) ε?′λ′,1,2 + [m (k21 + k22)+ sωk2] ε?′λ′,1,3] cos(arctan(Γ1Γ2
))]
∓ (k · ε?′λ′,1) [[mωk2 + s (k22 + k23)] p′1 − (mωk1 + sk1k2) p′2 − sk2k3p′3]
×
[
p · ε?′λ′,2 sin
(
arctan
(
Γ1
Γ2
))
± p · ε?′λ′,1 cos
(
arctan
(
Γ1
Γ2
))]
∓ (k · ε?′λ′,1) [[mωk2 + s (k22 + k23)] p1 − (mωk1 + sk1k2) p2 − sk2k3p3]
×
[
p′ · ε?′λ′,2 sin
(
arctan
(
Γ1
Γ2
))
± p′ · ε?′λ′,1 cos
(
arctan
(
Γ1
Γ2
))]
± (k · ε?′λ′,1) (p · p′ −M2) [[[mωk2 + s (k22 + k23)] ε?′λ′,2,1 − (mωk1 + sk1k2) ε?′λ′,2,2 − sk2k3ε?′λ′,2,3]
× sin
(
arctan
(
Γ1
Γ2
))
± [[mωk2 + s (k22 + k23)] ε?′λ′,1,1 − (mωk1 + sk1k2) ε?′λ′,1,2 − sk2k3ε?′λ′,1,3] cos(arctan(Γ1Γ2
))]
− [[−mk1k2ε?′λ′,1,1 + (mk1k3 + sωk3) ε?′λ′,1,2 + [m (k21 + k22)+ sωk2] ε?′λ′,1,3]
± [[mωk2 + s (k22 + k23)] ε?′λ′,2,1 − (mωk1 + sk1k2) ε?′λ′,2,2 − sk2k3ε?′λ′,2,3]]
× [(k · p′) pµ + (k · p) p′µ − (p · p′ −M2) kµ]
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×
[
ε?′λ′,1,µ sin
(
arctan
(
Γ1
Γ2
))
∓ ε?′λ′,2,µ cos
(
arctan
(
Γ1
Γ2
))]
− [[−mk1k2ε?′λ′,2,1 + (mk1k3 + sωk3) ε?′λ′,2,2 + [m (k21 + k22)+ sωk2] ε?′λ′,2,3]
∓ [[mωk2 + s (k22 + k23)] ε?′λ′,1,1 − (mωk1 + sk1k2) ε?′λ′,1,2 − sk2k3ε?′λ′,1,3]]
× [(k · p′) pµ + (k · p) p′µ − (p · p′ −M2) kµ]
×
[
ε?′λ′,2,µ sin
(
arctan
(
Γ1
Γ2
))
∓ ε?′λ′,1,µ cos
(
arctan
(
Γ1
Γ2
))]}
× Jn
(√
Γ21 + Γ
2
2
)
Jn∓1
(√
Γ21 + Γ
2
2
)
. (B.128)
Here, we have used the notation ε? ′λ′,µ = ε
? ′
λ′,1,µ + iε
? ′
λ′,2,µ for an arbitrary polarization of the
emitted photon and ε?′λ′,1 = {ε?′λ′,1,1, ε?′λ′,1,2, ε?′λ′,1,3} and ε?′λ′,2 = {ε?′λ′,2,1, ε?′λ′,2,2, ε?′λ′,2,3} for its
three-dimensional components. Also, we have dropped the argument k from the functions ε
for simplicity.
In concrete calculation involving the above amplitudes, it is useful to use the inverse
trigonometric relations
sin
(
arctan
(
Γ1
Γ2
))
=
(
Γ1
Γ2
)[
1 +
(
Γ1
Γ2
)2]−1
, (B.129)
cos
(
arctan
(
Γ1
Γ2
))
=
[
1 +
(
Γ1
Γ2
)2]−1
. (B.130)
Appendix C: Properties of Bessel functions
In this section, we summarize some of the properties of the Bessel functions used to calculate
the partial amplitudes from Section 5. The general reference for these relations is [66].
We have used the following properties of the Bessel functions. The limits at ζ → 0 are
given by
Jn(ζ) ' 1
Γ(n+ 1)
(
ζ
2
)n
, (C.131)
J0(ζ) ' 1 , (C.132)
where Γ(n+ 1) is the gamma function for natural numbers defined as
Γ(n) = 1 · 2 · 3 · · · (n− 1) = (n− 1)! , Γ(n+ 1) = nΓ(n) , Γ(1) = 1 . (C.133)
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The asymptotic form at ζ →∞ is
Jn(ζ) '
√
2
piζ
cos
(
ζ − npi
2
− pi
4
)
. (C.134)
The modified Bessel functions can be expressed in terms of Bessel functions. Also they have
a symmetry property in their index. The relevant relations are
I−n (iζ) = In (iζ) (C.135)
In (iζ) = e
npii
2 Jn (ζ) , (C.136)
I0 (iζ) = J0 (ζ) . (C.137)
From these properties, it follows that
|I0 (iζ) |2 = |J0 (ζ) |2 , |I−1 (iζ) |2 = |J−1 (ζ) |2 , |I+1 (iζ) |2 = |J+1 (ζ) |2 . (C.138)
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